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For any vertex x of a graph G let A(x) denote the set of vertices adjacent to x. 
We seek to describe the connected graphs G which are regular of valence IZ and in 
which for all adjacent vertices x and y  I A(X) n A(y)1 = n - I - s. f t  is known 
that the complete graphs are the graphs for which s = 0. For any s, any complete 
many-partite graph, each part containing s + 1 vertices, is such a graph. We 
show that these are the only such graphs for which the valence exceeds 29 - s + 1. 
The graphs satisfying these conditions for s = 1 or 2 are characterized (up to the 
class of trivalent triangle-free graphs.) 
1. INTRODUCTI~P~ 
A graph G is a nonempty set v(G) of vertices and a set E(G) of 2 subsets 
of V(G). The order of G equals / V(G)/. If two vertices are joined by an edge 
they are called adjacent. d,(x) represents the set of vertices adjacent to x, and 
I’,(x) = v(G) - A,(x) - X. The subscript G is often omitted. We will say 
that G has z~alence n if / .4(x)1 = II f or all x E V(G). If for every pair of adjacent 
vertices X, y of G j d(x) n d( u)l = /\, we say that G has edge r;aience h. 
A sequence (x0, x1 ,..., x,) of vertices such that xiel and xi are adjacent 
(1 <i < m) is a path of length m joining x0 and x, . The distance between 
vertices x: and y, denoted d(x, v), is the length of the shortest path joining 
them. If x and y are not in the same component then d(x, v) = C-XI, and is 
greater than any finite number. 
Let G be a graph and S C V(G). The graph S is the graph having vertex set S, 
and with two vertices of S adjacent in S iff they are adjacent in 6. A t clirpue 
S in G is a t subset of V(G) such that the graph S is a complete graph. A 
triangle-free graph contains no 3 cliques. 
vK, is the graph having Y components, each of which is a t clique. e let. I 
be the graph having the vertices of the icosahedron as the vertex set and the 
edges of the icosahedron as the edge set. 
The edge graph of the graph G is the graph F having v(F) = E(G) and 
tws vertices of F adjacent iff they, as edges of G, knave a vertex of G in common. 
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We state the theorems. 
THEOREM 1. Let G be a connected graph which has valence n and edge 
valence h = n - s - 1. If n > 2s2 - s + 1 then the complement of G is 
isomorphic to rK,,, for some r. 
It is well known that the only connected graph of valence n and edge 
valence n - s - 1 where s = 0 is K, . The cases where s = 1 and s = 2 are 
dealt with by the next two theorems. 
THEOREM 2. Let G be a connected graph which has valence n (n > 0) and 
edge vaIence h = n - 2. Then either G is a polygon of at least four vertices 
or the complement of G is isomorphic to rl(, where r > 2. 
THEOREM 3. Let G be a connected graph which has vaknce n (n > 0) 
and edge valence h = n - 3. Then one of the following five cases holds. 
(1) The complement of G is isomorphic to rK3 (r > 2). 
(2) G is trivalent and triangle free 
(3) G is the edge graph of a trivalent triangle-free graph. 
(4) G is isomorphic to I. 
(5) G is the complement of the Petersen graph. 
To characterize the graphs whose valence exceeds edge valence by s + 1 
it is easier to consider the complement of the graphs. His the complement of G 
iff V(G) = V(H) and two vertices are adjacent in H iff. they are distinct and 
not adjacent in G. The following simpleminded lemma finds conditions on 
the complement of G which are equivalent to G having valence n and edge 
valence A. 
LEMMA 1. Let H be the complement of G. Then G has valence n and edge 
valence X = n - s - 1 $for all x E V(H) the subgraph r&) of H has order n 
and valence s. 
Proof. For all x E V(G), rH(x) = A,(x). Therefore 1 TX(x)1 = n. Every 
vertex of d,(x) is adjacent to X vertices of A,(x) and nonadjacent to 
n - h - 1 = s vertices of A,(X). Therefore the (induced) subgraph r&.x) 
of H has valence s. 
2. LEMMAS 
Throughout this section H is a graph such that for all x G V(H) the 
subgraph r(x) has order n and valence s. Where x E V(H) and a, c E I’(x) 
we denote the distance between a and c in the graph r(x) by d,(a, c). 
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LEMMA 2. Let a, c, and x be three mnacljacent vertices of H Then 
d%(a, c) = 2 [fdC(a, x) = 2. 
PPOOJ Since a, c, and x are nonadjacent, n, c E F(x) and CI, n” 5 F(c). 
It is sufikient to show that if d$(a, c) = 2 then dC(a, x) = 2. 
Let d,(a, c) = 2, and (a, b, c) be a path in r(x) from a to c. Now a is 
adjacent to s vertices of I’(x) of which at ieast one (nameby, i7) is adjacent to C, 
so a is adjacent to at most s - 1 vertices of T(x) n T(c). Sime n is adjacent 
to s vertices of T(c), a is adjacent to some vertex w of r(c) - -T(x). Then 
(a, w, x) is a path in I’(c) so d,(a, x) < 2. Vertices s and x are nonadjacent, so 
d&z, x) = 2. 
COROLLARY 1. Let x E V(H) and a: c E r(x). If dx(a, c) = 2 the?? 
d,(a, x) = 2, and if dac(a, c) >, 3 then d,(a, x) 3 3. 
ProoJ The first conclusion is already proved. Let dz(a, c) > 3. Since 
dz(a, c) f 2, then d,(a, x) # 2. Since a E F(x), dC(a, x) 2 d(a, x) > 1. 
Therefore de(a, x) > 3. 
LEMMA 3. Let x E V(H), a, c, e E F’(x), dz(a, c) = 2, and d,Jg e) 3 3. lf 
s = 2 then d,Jc, e) = 1 and ifs > 3 then dz(c, e) < 2. 
ProoJ We assume the conclusion is false: Ifs = 2 we assume c&(c, e) 3 2 
and ifs > 3 we assume dz(c, e) 3 3. Since d$(a, c) = 2 we have dC(a, x) = 2 
by Corollary 1. Let w E T(C) so that (a, W, X) is a path in T(e). 
Since dXac(q e) > 3, d,(a, x) 3 3. Then w # T(e) (else (a, w, x) would be a 
path of length 2 in I’(e)), so w and e are adjacent. 
If s = 2 we have a contradiction, for r(c) has valence 2 but e, a, x E 
d(w) n I’(c). Ifs 3 3, (e, IV, X) is a path of length 2 m I’(c), so d,(x, e) < 2. 
This contradicts the assumption d,(c, e) > 3. 
LEMMA 4. Let x E V(H), a, c E I’(x), dz(a, c) = 2. Ifs 3 3 then j T(x)1 < 
23 - s + 1 and $s = 2 then j T(x)1 < 6. 
Proof. By Lemma 3 for every e E I’(x) either 
(1) d%(a: e) < 2 or 
(2) ifs = 2, d$(c, e) < 1 and ifs > 3, cl,(c, e) < 2. 
Let (a, b, C) be a path in F(x). Let S = (I’(X) n A(a)) - (b), and 
3, = UztS (T(K) n d(z) - (a>). Let T = (I’(X) n A(e)) - {bj, Tp = t,,& 
(r(x) n A(z) - {c)), and U = (I’(X) n d(b)) - (a, c>, 1 S / = ! T = s - I! 
and I U / = s - 2. .j Sz 1 < (s - lje and ] T, / < (s - 3)2. If s > 3 then 
I I’(X)! is at most the sum of the cardinalities of (a, b, cjl S, & , Ts T, , U, so 
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FIGURE 1 
/ r(x)] < 2s2 - s + 1 (see Fig. 1). If s = 2 then J’(x) is contained in 
(a, b, c> u S LJ S, u T u U, so r(x) < 6. 
COROLLARY 2. Let s > 2 and x E V(H). Let / I’(x)/ > 6 if s = 2 and 
1 I’(x)1 > 29 - s + 1 if s 3 3. Then r(x) is isomorphic to tKstl for some 
t > 2. 
Proof. By Lemma 4 there do not exist vertices a, c E r(x) so that 
d%(a, c) = 2. Therefore r(x) is a disjoint union of cliques. Since each vertex 
of Y(x) has valence s in r(x), each of these cliques is an (s + 1) clique. 
1 J’(x)] > s f 1 by hypothesis, so r(x) contains more than one (s + 1) 
clique. 
LEMMA 5. Let t 2 2 and I’(x) be isomorphic to tK,+, for all x E V(H). 
Let the complement of H be connected. Then H is isomorphic to (t f 1) K,,, . 
Proof. Let x and u be nonadjacent vertices. Let T = r(x) u r(u). Let 
r(x) = Ui=, Ki , where the Ki are disjoint, / Ki 1 = s + 1 for all i, and 
two vertices are adjacent iff they belong to the same Ki . 
For each vertex a E r(x), let S, = r(a) - r(x). Now r(a) n r(x) and 
r(a) are isomorphic, respectively, to (t - 1) K,,, and tK,+, ; so SO is an 
(s + 1) clique. We show S, = S, for all a, b E r(x). 
Let a and c be nonadjacent vertices of r(x). S, is a component of r(a), 
so each vertex of S, is nonadjacent to each vertex of r(a) - S, . In particular, 
each vertex of S, is nonadjacent to c, so S, C r(c). Then S, C S, . However, 
/ s, 1 = / s, I) so s, = SC . 
Let a and b be adjacent vertices of r(x). Since t 3 2, some vertex c of r(x) 
is nonadjacent to both a and b. Therefore S, = SC = S, . 
Now u E r(x). Therefore S, = S, for all a E r(x). T = I’(x) u S, so 
r(a) C T for all a E r(x). Similarly, for all a E r(u), r(a) C T. Therefore for 
all a E T, Y(a) C T. 
T is the union of the t + 1 disjoint (s + 1) cliques Kl, Kz ,..., Kt , S, . To 
complete the proof it is sufficient to show V(H) = T. Let G be the complement 
of the graph H. Since r*(a) C T for all a E T, T is a union of components of G. 
Since G is connected, V(G) = V(H) = T. 
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3. THE CASE s = 1 
We prove Theorem 2. Let G satisfy the hypotheses of Theorem 2. Then 
PE 3 2. If n = 2 then h = 0, and G is a polygon of at least four vertices. 
If IZ > 2 then we look at the complement H of G: For each vertex x, H;I(x) is 
isomorphic to tKz where t = n/2. By Lemma 5, N is isomorphic to (2 + 1) & . 
4. PROOF OF THEOREM 1 
Ifs = 0 then G is a complete graph and the conclusion is obvious. Ifs = 1 
the conclusion holds by Theorem 2. Lets > 2 and 
By Lemma 1 for all x E V(U) r&c) has order iz an 
r&x) is isomorphic to tK,+, (t 2 2), so by Lemma 5 N is isomorphic to 
(t + 1) KS;1 . 
5. THE CASE s = 2. 
Let H be a graph such that the complement of H is connected and for all 
x E V(H), r(x) has order n and valence 2. Then clearly r(x) is a union of 
disjoint polygons. By Corollary 2 and Lemma 5 either (a) H is a union of 
at least two disjoint triangles or (b) y1 < 6 and for some X, F(X) is not a union 
of two or more disjoint triangles. In case (b) for some X, P(X) is a hexagon, 
a pentagon, a quadrilateral, or a triangle. 
After some preliminary comments we deal with two of these four cases. 
Suppose F(X) is a polygon of r vertices, where I’ 3 5. Let Y(x) = 
VA 1,..., I’ - l}, with each vertex i adjacent to i - 1 and i + 1 (we take 
addition in Z,). Figure 2 represents the polygon T(X). r(x) n r(i) is the path 
(i f 2, i j 3,..., i - 2). Also, x E T(i). Let i’ and i” be the two vertices of r(i) 
which are distinct from x and are not in r(x). Now x is adjacent to both i’ 
and i” since they are not in r(x). Since T(i) is regular of valence two each of i’ 
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and i” is adjacent to one vertex of r(i) besides x. Both i + 2 and i - 2 have 
valence one in r(x) n r(i), and without loss of generality we may assume 
that i - 2 is adjacent to i’ and i + 2 is adjacent to i”. Hence I’(i) is the 
polygon (x, i”, i + 2, i + 3 ,..., i - 2, i’). Figure 3 represents the polygon l’(i). 
Case 1. I’(x) is a hexagon. We use the notation set up in the previous 
paragraph: r(x) is the hexagon (0, 1,2, 3,4, 5) and I’(i) is the hexagon 
(x, i”, i + 2, i + 3, i + 4, i’). Figure 4 shows these hexagons; dashed lines 
FIGURE 4 
indicate nonadjacencies. Since i’ is nonadjacent to i $ 2, i’ E T(i + 2), so 
i’ = (i + 2)’ or I’ = (i + 2)“. Now i’ is nonadjacent to i, whereas (i + 2)’ 
is adjacent to i so i’ = (i + 2)“. The vertices (i + 3)’ and (i + 3)” are non- 
adjacent to i in the hexagon r(i + 3) so (i + 3)‘, (i + 3)” E I’(i). Therefore 
{(i + 3)‘, (i + 3)“) = (i’, i”}. Now i + 5 is nonadjacent to i’ (=(i + 2)“) in 
T(i + 2) but is adjacent to (i + 3)” in F(i + 3), so i’ # (i + 3)“. Therefore 
i’ = (i + 3)’ and i” = (i + 3)“. If we let S = (i’, i”: i E Z,} it is easily seen that 
1 S j = 3, S = (0’, 2’, 47, and I’(i’) = {i, i + 2, i + 3, i + 5, (i + 2)‘, (i + 4)‘). 
Then for all vertices y E (x> u r(x) u S, r(y) _C (xl u r(x) U S. Since the 
complement of H is connected, V(H) = (x> u I’(x) u S. It is easily seen now 
that H is the Petersen graph. 
Case 2. r(x) is a pentagon. Using the notation already set up, I’(x) is the 
pentagon (0, 1, 2, 3, 4) and r(i) is the pentagon (x, i”, i + 2, i + 3, i’) for 
i E Z, (see Fig. 5); dashed lines indicate nonadjacencies. i” and i + 3 are 
FIGURE 5 FIGURE 6 
REGULAR GRAPHS WITIi EDGE DEGREE 205 
nonadjacent in r(i) so i” = (i + 3)’ or i” = (i + 3)“. Wow i is ~o~adjac~~t 
to i” while i and (i t 3)” are adjacent vertices of the pentagon k(i $ 3), so 
i” f (I’ + 3)“. Therefore i” = (i + 3)‘. By looking at r(j) for / E Zj we -find 
that x, i + 3, i + 4 $ S(i), while i, i + 2, (i + 3)‘, (i + 2)’ 5 T(i’). From this 
it may be seen that the i’ are distinct vertices (see Fig. 6). i’ is adjacent to i + i 
because i’ $ I’(i L I). i’ is adjacent to (i f 1)’ because otherwise {i + 3, t, 
(i + I)‘? i’) C r((i + 3)‘) together with a fifth vertex could not form a 
pentagon. Let T = (x> u T(x) u (i’: i E Z5). jr(t’)nTI =4 and Ir(i’)n 
S((i + 2)‘) n T i = 1. j T(i’) n m7((i + 2)‘)l = 2. Therefore ( %(i’) - T j = 
j r(i) n f((i + 2)‘) - T I = I. Then there is a vertex not in T which is 
nonadjacent to each vertex i’; call this vertex y. For all z E a U (vl;, 
f’(z) C T u ( y), so V(H) = T w ( y>. It may be seen that the complement of X 
is isomorphic to the graph having the vertices of a icosahedron as the vertex 
set and edges of the icosahedron as the edge set. 
6. PROOF OF THEOREM 3 
Let H be the complement of G, and x E V(G). By Lemma 1, P,(x) has 
order iz and valence 2. By Section 5 one of the following conditions holds: 
(1) M is the union of at least two disjoint triangles. 
(2) r(x) is a triangle. 
(3) I’(X) is a quadrilateral. 
(4) G is isomorphic to I. 
(5) N is the Petersen graph. 
In cases (l), (4), and (5) the theorem is clearly true. In case (2) n = 3 so G is 
trivalent, and X = 0 so G is triangle free. In case (3)? IZ = 4. To complete 
the proof of the theorem the following lemma is sufficient. 
LEMMA 6. Let G be regular of valence 4, and have edge valeme 1. Then C 
is the edge graph of a trivalent triangle-free graph. 
Pro@I ket L be the set of 3 cliques of G. Since the edge valence is 1, 
every edge is contained in a unique member of L. Every vertex is contained 
in four edges, and so is contained in two 3 cliques. Let F be the graph wit 
P’(F) = L and two members of L adjacent iff they contain some vertex of G 
in common. 
Let m = (x1 , x2 , x3} E L (where xi E V(G)). For I < i < 3 let mi be the 
other 3 clique containing xi . Then m is adjacent to mi (I < i < 3), and m is 
adjacent to no other vertex of F. We show that m is not contained in any 
3 chque in I?. Suppose it is; suppose that m, m, , YM~ is a 3 clique in E”. Then 
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m, and m2 contain a vertex of G, say y, in common. Since x3 # m, , y and x3 
are distinct. Then y, x3 E d&q) CI d ( G x2 , ) contradicting the hypothesis that 
edge valence of G is 1. 
Then F is trivalent and triangle free. The edges of F may be identified with 
the vertices of G, so that G is the edge graph of F. 
